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Dynamics, Stability, and Control of Displaced
Non-Keplerian Orbits

Colin R. McInnes¤

University of Glasgow, Glasgow, Scotland G12 8QQ, United Kingdom

The dynamics, stability, and control of a large family of non-Keplerian orbits are investigated and mission
applications are discussed. The orbits are generated by seeking equilibrium solutions to the two-body problem
in a rotating frame of reference with an additional thrust-induced acceleration. Viewed from an inertial frame
of reference, displaced circular orbits are obtained. Three main families of orbits are presented, and their local
stability characteristics are investigated. Although it is found that there are unstable subfamilies of orbits, it is
also shown that these orbits are controllable using linear state feedback. Impulse control is also investigated as a
means of generating displaced orbits and is compared to continuous thrust control. It is demonstrated that these
non-Keplerian orbits can be patched together to provide large additional families of orbits.

Nomenclature
a, a = acceleration, semimajor axis
e, E = eccentricity, total energy
n = thrust vector orientation
r, r = position, orbit radius
T = spacecraft thrust, impulse period
U = augmented potential
z = out-of-planedisplacement
®, ±® = pitch angle, pitch control
° = mode eigenfrequency
´ = vertical perturbation
¸, K = variational equation coef� cients, coef� cient matrix
¹ = gravitational parameter
» = radial perturbation
½ = orbit radius (cylindrical coordinates)
¾ = generalized displacement
À = centripetal potential
Á, U = azimuthal angle, gravitational potential
Ã = azimuthal perturbation
!, ! = orbital angular velocity
O = unit vector

I. Introduction

D ISPLACED non-Keplerian orbits generated using low-thrust
propulsion have been considered by various authors for ap-

plications to spacecraft proximity maneuvering1 and in situ obser-
vations of Saturn’s rings.2 Large families of displaced orbits have
also been investigated for solar sail spacecraft.3¡5 One such fam-
ily of orbits has been recently noted as a particular solution to the
two-body problem with radiation pressure in Kustaanheimo–Stiefel
(KS) variables.6

In this paper, the two-body problem is considered with an addi-
tional thrust-induced acceleration, which generates large families
of circular non-Keplerian orbits with their center displaced above
the central body.7 The problem is parameterized by the spacecraft
orbit period, which generates several families of orbits. The linear
stability properties of the orbit families are then investigated and
unstable subfamilies of orbits identi� ed. However, it is found that
these orbit families are controllable using linear state feedback to
the thrust-induced acceleration direction or magnitude. Displaced
spiral orbits are also obtained through the addition of an azimuthal
componentof thrust. Last, additional families of orbits are obtained
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by patchingdisplacednon-Keplerianorbits to other displacedorbits
or Keplerian orbits.

Althoughit is found that only small displacementsare possiblefor
a large central body and low-thrust propulsion, there are potentially
useful applications. For example, an orbit displaced 20 km above
Saturn’s A ring only requires an acceleration of order 0.4 mms¡2,
corresponding to an accumulated1v per orbit of 18 ms¡1 . Such an
orbit provides an ideal but safe location for in situ observations in
close proximity to the ring system.

II. Displaced Non-Keplerian Orbits
The conditions for circular displaced non-Keplerian orbits will

now be investigated by considering the dynamics of a spacecraft of
mass m at positionr in a rotating frame of reference R.x; y; z/. This
frame of reference rotates with constant angular velocity ! D ! Oz
relative to an inertial frame I .X; Y; Z/, as shown in Fig. 1. It will be
assumed that the spacecraft has active propulsion generating thrust
T in direction n, where the thrust-inducedacceleration is assumed
constant in magnitude.

The equation of motion of the spacecraft in the rotating frame R
is then given by

Rr C 2! £ Pr C ! £ .! £ r/ D a ¡ r U (1)

where gravitational potential U of the central body and the thrust-
induced acceleration a are de� ned as

U D ¡.¹=r/; a D [T=m]n (2)

Equation (1) may be simpli� ed by introducing a new potential À to
represent the centripetal acceleration, viz.,

rÀ D ! £ .! £ r/; À D ¡ 1
2
k! £ rk2 (3)

De� ning a new augmented potential functionU D U CÀ , the equa-
tion of motion is then given by

Rr C 2! £ Pr C rU D a (4)

The conditions for equilibrium solutions in the rotating frame of
reference will now be obtained by setting Pr and Rr D 0 so that the
� rst two terms in Eq. (4) vanish.Taking the vector product of n with
Eq. (4) it is found that

rU £ n D 0 ) n D ¸rU (5)

where ¸ is an arbitrary scalar multiplier.Then, using the normaliza-
tion condition knk D 1, ¸ is identi� ed as krU .r/k¡1. The required
thrust vector orientation for an equilibrium solution in the rotating
frame is then given by

n D
rU

krUk
(6)
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Fig. 1 Displaced non-Keplerian orbit with thrust-induced accelera-
tion.

Because ! is constant, there can be no transverse component of
thrust so that the thrust vector is pitched in the plane spanned by
the radius vector and the vertical axis. Therefore, the thrust vector
orientation may be de� ned by a single pitch angle ®:

tan ® D
kOz £ rUk

Oz ¢ rU
(7)

If we again require an equilibrium solution in the rotating frame so
that a D rU , it is clear that the magnitude of the thrust-induced
acceleration is given simply by

a D krUk (8)

Therefore, Eqs. (7) and (8) will de� ne the conditions for an equi-
librium solution to the equations of motion in the rotating frame of
reference. Using a set of cylindrical polar coordinates, as shown in
Fig. 1, the potential U may be written as

U .½; zI !/ D ¡ 1
2 .!½/2 C .¹=r/ (9)

Then, the required pitch angle and thrust-induced acceleration are
found to be

tan ®.½; zI !/ D .½=z/ 1 ¡ .!=!¤/2 ; !2
¤ D ¹=r 3 (10a)

a.½; zI !/ D ½2 !2 ¡ !2
¤

2 C z2!4
¤

1
2 (10b)

With these conditions the spacecraft is stationary in the rotating
frame of reference.Therefore, from an inertial frame of reference it
appears to execute a circular orbit displacedabove the central body.
It should be noted that because the vector n is � xed in the rotating
frame it sweeps out a cone in the inertial frame of reference.

III. Families of Displaced Orbits
Type I Orbits

It can be seen from Eq. (10b) that the required thrust-induced
acceleration has a global minimum when the orbit period is chosen
such that ! D !¤. Then, the requiredpitch angle and thrust-induced
acceleration are given simply by

tan ® D 0 (11a)

a D ¹z=r 3 (11b)

It is clear that the required acceleration a is now a function solely
of the orbit radius ½ and displacement z. The functional form of
Eq. (11b) is shown as a contour plot in Fig. 2a. The axes are nondi-
mensional with respect to the radius of the central body, whereas
the acceleration contours are nondimensional with respect to the
gravitational acceleration at unit radius. Thus, the � nal contour in
Fig. 2a, which intersects the z axis at z D 10, requires a nondimen-
sional accelerationof 10¡2 . This correspondsto a singleequilibrium
point with the thrust-induced acceleration exactly balancing local
gravity.

Fig. 2a Nondimensional acceleration contours for type I orbits: con-
tour 1, 1 £ 10 ¡ 4; contour 2, 1 £ 10 ¡ 3; contour 3, 2 £ 10¡ 3; contour 4,
3 £ 10 ¡ 3; contour 5, 4:5 £ 10¡ 3; contour 6, 6:5 £ 10 ¡ 3; and contour
7, 1 £ 10¡ 2 .

Fig. 2b Nondimensional acceleration contours for type II orbits: con-
tour 1, 1 £ 10 ¡ 4; contour 2, 1 £ 10 ¡ 3; contour 3, 2 £ 10¡ 3; contour 4,
3 £ 10 ¡ 3; contour 5, 4:5 £ 10¡ 3; contour 6, 6:5 £ 10 ¡ 3; and contour
7, 1 £ 10¡ 2 .

Type II Orbits
A second family of displaced orbits may now be generated by

selecting ! D
p

.¹=½3/. This family of orbits will then be syn-
chronous with a body on a circular Keplerian orbit in the z D 0
plane with orbit radius ½. It is found that the required pitch angle
and thrust-inducedacceleration are now given by

tan ® D .½=z/ 1 ¡ [1 C .z=½/2]
3
2 (12a)

a D .¹=r 2/ 1 C [1 C .z=½/2]2 1 ¡ 2[1 C .z=½/2]¡ 3
2

1
2 (12b)

The required thrust-inducedacceleration is again shown as a func-
tion of orbit radius and displacement in Fig. 2b.
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Fig. 2c Nondimensionalacceleration contours for type III orbits: con-
tour 1, 3 £ 10¡ 3; contour 2, 4:5 £ 10¡ 3; contour 3, 6:5 £ 10¡ 3; contour
4, 1 £ 10¡ 2; and contour 5, 2 £ 10 ¡ 2.

Type III Orbits
A third family of orbits is obtained by � xing the orbit period to

be constant throughout the ½– z plane so that ! D !0. The required
pitch angle and thrust-inducedacceleration are given by

tan ® D .½=z/ 1 ¡ .!0=!¤/2 (13a)

a D ½2 !2
0 ¡ !2

¤
2 C z2!4

¤

1
2 (13b)

The required thrust-induced acceleration is shown in Fig. 2c for a
value of !0 chosen such that the displaced orbits are synchronous
with a Keplerian orbit with radius ½ D 10. As can be seen, there
are two distinct branches of solutionscorrespondingto orbits in the
z D 0 plane or orbits displaced above this plane.

IV. Orbit Stability
System Linearization

The equation of motion in the rotating frame of reference will
now be linearized by adding a perturbation¾ such that r ! Qr C ¾,
where Qr D . Q½; QÁ; Qz/ corresponds to the nominal displaced non-
Keplerian orbit solution, with the thrust-inducedacceleration � xed
in both magnitude and direction. Then, Eq. (4) may be linearized to
obtain a variational equation, viz.,

R¾ C 2! £ P¾ C K ¾ D 0; K D @rU

@r
r D Qr

(14)

De� ning the perturbations in . Q½; QÁ; Qz/ as .»; Ã; ´/ and extracting
the azimuthal terms from Eq. (14), it is found that

RÃ C .2!= Q½/ P» D 0 (15)

which immediately integrates to

PÃ D ¡.2!= Q½/» C C (16)

where C is a constant of integration. This is a linearized form of
Kepler’s third law, relatingthe azimuthal drift PÃ to the radial pertur-
bation» . This relationmay now beused to remove the � rst derivative
terms from Eq. (14), which enables the variational equation to be
written as

R»
Ŕ

C
¸11 ¸12

¸21 ¸22

»

´
D

2!C Q½
0

(17)

Removing the tilde notation for clarity, the matrix elements may be
written as

¸11 D 3!2 C !2
¤[1 ¡ 3.½=r/2] (18a)

¸12 D ¸21 D ¡3!2
¤[½z=r 2] (18b)

¸22 D !2
¤[1 ¡ 3.z=r/2] (18c)

The constant term on the right-hand side of Eq. (17) may now be
removed by a suitable coordinate transformation.Provided the de-
terminant ¸11¸22 ¡ ¸2

12 is nonzero, the transformation

» 0 D » ¡ 2!C½
¸22

¸11¸22 ¡ ¸2
12

(19a)

´0 D ´ C 2!C½
¸12

¸11¸22 ¡ ¸2
12

(19b)

allows Eq. (17) to be written in standard form as

R» 0

Ŕ0 C
¸11 ¸12

¸21 ¸22

» 0

´0 D
0

0
(20)

The local stability characteristicsof the three families of orbits can
now be obtained in the usual manner through a solution to the vari-
ational equation of the form

» 0

´0 D
»0

´0
exp.° t/ (21)

The characteristic polynomial of the variational equation is then
found to be

° 4 C ° 2.¸11 C ¸22/ C ¸11¸22 ¡ ¸2
12 D 0 (22)

To guaranteenonpositiveroots,and thus linearstability,it is required
that the coef� cients as well as the discriminant of the quadratic in
° 2 be positive. In the case of the discriminant, this can be shown to
be true for all three orbit families. It should be noted that, because
a linearization is performed, the analysis only provides necessary
conditionsfor stabilityandsuf� cientconditionsfor instability.How-
ever, for class I orbits the conditions agree with the necessary and
suf� cient condition obtained in Ref. 6 using a fully nonlinear anal-
ysis in KS variables. For the remaining orbit families, numerical
experiments suggest that these conditions for stability are, in fact,
suf� cient.

Type I Stability
Using the conditions for type I orbits it is found that

¸11 C ¸22 D 2!2
¤ (23a)

¸11¸22 ¡ ¸12¸21 D !4
¤[4 ¡ 3.½=r/2 ¡ 12.z=r /2] (23b)

Because it is clear that Eq. (23a) is strictly positive, the necessary
but not suf� cient linear stability condition is satis� ed if Eq. (23b) is
strictly positive. This occurs when

½ Â 2
p

2z (24)

As already noted, this condition has also been derived using a non-
linear analysis in KS variables,6 which providesboth necessaryand
suf� cientconditionsfor stability.Therefore,stableandunstablesub-
families of type I orbits exist, partitioned by the cone de� ned by
Eq. (24). Example stable and unstable type I orbits are shown in
Fig. 3.
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Fig. 3 Type I orbits: stable (s) (½0 = 10, z0 = 2), unstable (u) (½0 = 10,
z0 = 6), and controlled (c) (½0 = 10, z0 = 10, g1;3 = 0.3, g2;4 = 0.15).

Type II Stability
Using the conditions for type II orbits, it is found that

¸11 C ¸22 D ¡!2
¤[1 ¡ 3.r=½/2] (25a)

¸11¸22 ¡ ¸12¸21 D ¡!4
¤[2 ¡ 3.r=½/3 C 9.r z2=½3/] (25b)

Again, the � rst coef� cient is strictlypositive.In addition,the second
coef� cient is strictly positive if

2
3 .½=r /3 C 3.z=r /2 ¡ 1 Á 0 (26)

The boundary between linearly stable and unstable orbits can be
obtained by substituting an equality in Eq. (26) and rewriting as

2
3 [1 C .z=½/2]¡ 3

2 C 3.z=½/2[1 C .z=½/2]¡1 ¡ 1 D 0 (27)

Clearly, Eq. (27) is a function z=½ only. Therefore, the boundary
between linearly stable and unstable orbits is of the form ½ D ·z,
where· is a constant.This constantmay now be foundfromEq. (27),
viz.,

2
3 .1 C ·¡2/¡ 3

2 C 3·¡2.1 C ·¡2/¡1 ¡ 1 D 0 (28)

Further simpli� cation is possible by making the substitution ± D
.1 C ·¡2/1=2 to clear the radical and to obtain

±3 ¡ 3
2
± C 1

3
D 0 (29)

The solution to this cubic then yields · D 2:264. The necessary but
not suf� cient condition for stability is, therefore,

½ Â 2:264z (30)

which again de� nes a cone partitioning the linearly stable and un-
stable families of type II orbits.

Type III Stability
In general, this case requires a numerical solution of the stability

criteria. However, for particular classes of orbits, a closed solution
may be obtained, as detailed in Ref. 7.

V. Orbit Control
Now that orbit stabilityhas been considered,linear controlwill be

investigatedas a means of stabilizingthe unstable families of orbits.
The variational equations may be cast in standard state-space form
as

Px D Ax C Bu (31)

where the state vector x D [»; ´; P» ; Ṕ] and

A D
0 I

¡ K 0
; B D

0

K
(32)

K D
¸11 ¸12

¸21 ¸22
; K D

K1

K2

The control variable u to be considered will be trims in the pitch
angle ±®, with a � xed thrust-induced acceleration, or variations in
the acceleration±a, with a � xed pitch angle. With pitch control it is
found that

K D [a cos®; ¡a sin ®]T (33a)

and with acceleration control it is found that

K D [a sin ®; a cos®]T (33b)

The controllability of these two modes of control in the ½– z plane
may be determined from the matrix C D [B, AB, A2B, A3B]. Sub-
stituting for the appropriate matrices from Eq. (32) it is found that

C D

0 K1 0 ¡¸11 K1 ¡ ¸12 K2

0 K2 0 ¡¸21 K1 ¡ ¸22 K2

K1 0 ¡¸11 K1 ¡ ¸12 K2 0

K2 0 ¡¸21 K1 ¡ ¸22 K2 0

(34)

For controllabilityit is necessary that the matrix C has full rank. Be-
cause C is square, this is equivalent to the matrix being nonsingular.
It is found that the determinant of the matrix is given by

kCk D K1.¸21 K1 C ¸22 K2/ ¡ K2.¸11 K1 C ¸12 K2/ (35)

The condition for noncontrollabilityand, hence kCk D 0, is found
to be

sin ® cos ® D 2½z

.!=!¤/2.z2 C ½2/ C .z2 ¡ ½2/
(36)

for pitch control and

sin ® cos ® D ¡ 2½z

.!=!¤/2.z2 C ½2/ C .z2 ¡ ½2/
(37)

for accelerationcontrol. For type I orbits the condition for noncon-
trollability for the two control modes then reduces to

sin ® cos ® D §[½=z] (38)

Therefore, type I orbits are always controllableprovided that ½ 6D 0.
It is found that the other families of orbits are also controllable in
general.

To illustrate the use of linear control, stabilizationof an unstable
type I orbitwill be considered.Full state feedbackwill be used along
with pitch control, viz.,

±® D g1» C g2
P» C g3´ C g4 Ṕ (39)

The selection of the gains (gi ; i D 1–4) is made using standard
methods. An example of a controlled orbit is shown in Fig. 3 using
this state feedback law. It is clear that in practice a state estimator
would be requiredif all state variablesare to be used in the feedback
control law. Such state sensing and estimation is beyond the scope
of the current discussion.
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VI. Spiral Orbits
It will now be shown that displaced non-Keplerian orbits may be

modi� ed into spiral orbits using a transverse component of thrust
aÁ . For ease of illustration, the equations of motion for a displaced
type I orbitwill be cast in cylindricalpolar coordinatesin the inertial
frame of reference I , viz.,

R½ ¡ ½ PÁ2 D ¡.¹=r 2/[½=r ] (40a)

½ RÁ C 2 P½ PÁ D aÁ (40b)

Rz D ¡.¹=r 2/[z=r] C az (40c)

where the acceleration components az and aÁ are constant. In par-
ticular, the vertical acceleration component az corresponds to that
required for a type I orbit. Then, assuming that the out-of-plane
displacement is small relative to the orbit radius, Eqs. (40) may be
written as

R½ ¡ ½ Q!2 D ¡.¹=½2/ (41a)

½ PQ! C 2 P½ Q! D aÁ (41b)

Rz D ¡.¹=½2/[z=½] C az (41c)

where Q! D PÁ is the local orbital angular velocity. If, in addition, it
is now assumed that the spiral is quasicircular such that R½ ¼ 0 and
Rz ¼ 0, Eq. (41a) then yields

Q! D ¹=½3 (42)

Therefore, substituting this result in Eq. (41b) yields

P½ D .2aÁ=
p

¹/½
3
2 (43)

Then, noting from Eq. (11b) that az D ¹z0=½3
0 , where ½0 and z0 are

the initial orbit radius and displacement,Eq. (41c) yields

z D z0[½=½0]3 (44)

Last, Eqs. (43) and (44) may be integrated to provide the orbit radius
and out-of-planedisplacement as the spacecraft spirals, viz.,

½ D ½0 1 ¡ .½0=¹/aÁ t
¡2

(45a)

z D z0 1 ¡ .½0=¹/aÁ t
¡6

(45b)

An example outward spiral trajectory obtained by numerical in-
tegration is shown in Fig. 4. It can be seen that the out-of-plane

Fig. 4 Displaced spiral orbit with ½0 = 10, z0 = 0.5, and aÁ = 10¡ 2 az .

displacement increases as the spacecraft spirals outward, due to the
decreasingverticalcomponentof gravity,as is evidentfromEq. (44).
It is found that Eqs. (45) provide an accurate representationof such
displaced spiral trajectories.

VII. Impulse Control
The displacedorbits investigatedin Sec. IIImay also begenerated

using impulse control. In this case the out-of-plane displacement
is achieved by repeatedly reversing the vertical component of the
spacecraftvelocity in a periodicmanner.To compare the continuous
thrustand impulsecontrolorbits, linearizedequationsof motionwill
now be considered for small displacements,as shown in Fig. 5. The
linearized Hill equations8 represent the dynamics of the spacecraft
in the vicinity of a � xed point P on a circular referenceorbit, viz.,

Rx ¡ 2! Py ¡ 3!2x D ax (46a)

Ry C 2! Px D ay (46b)

Rz C !2z D az (46c)

where ! D
p

.¹=R3/ is now the orbital angularvelocityof the � xed
point P on the circular referenceorbit and (x; y; z) correspondsto a
local frame attachedto this point. If the spacecraftstation keepsout-
of-planerelativeto thispoint, the resultingorbitwill thencorrespond
to a type III displacedorbit. If there are no control accelerations,the
Hill equations have a solution of the form

x.t/ D [ Px0=!] sin.!t/ ¡ [3x0 C .2 Py0=!/] cos.!t/

C [.2 Py0=!/ C 4x0] (47a)

y.t/ D [.4 Py0=!/ C 6x0] sin.!t/ C [2 Px0=!] cos.!t/

¡ [3 Py0 C 6!x0]t C [y0 ¡ .2 Px0=!/] (47b)

z.t/ D z0 cos.!t/ C .Pz0=!/ sin.!t/ (47c)

which will be used later in this section.
For continuous thrust, the required acceleration components for

displaced solutions may be obtained from Eqs. (46) as

ax D ¡3!2x (48a)

ay D 0 (48b)

az D !2z (48c)

A similar displaced orbit may also be obtained by impulse control,
as will now be demonstrated.To maintain an out-of-planedisplace-
ment, repeated vertical impulses are required such that z.T / D z0,
where T is the period between impulses. Then, using Eq. (47c) the
required out-of-planevelocity at the start of the cycle is given by

Pz0 D !z0 tan[!T =2] (49)

Fig. 5 Orbit reference frame for impulse control.
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Fig. 6 Displaced orbit with impulse control every quarter orbit: R =
10, x0 = 0.01, and z0 = 0.01.

Because Pz.T / D ¡Pz.0/, the effective out-of-plane acceleration Naz

provided by the repeated impulses is then 2Pz.0/=T so that

Naz D .2!z0=T / tan[!T =2] (50)

If the time between impulses is small Eq. (50) can be expanded to
yield

Naz D !2z0 C 1
12 !4z0T 2 C ¢ ¢ ¢ (51)

Comparing Eqs. (51) and (48c) it can be seen that to � rst order
the required accelerations are equal, with higher-order corrections
representing the increased load required for impulse control.

For a radial displacement, the condition y.0/ D 0 will be used
along with the requirements y.T / D 0 and x.T / D x0. Again using
Eqs. (47a) and (47b), it is found that the required initial velocity
components are given by

Px.0/ D 3!2T x0 sin.!T=2/

3!T cos.!T=2/ ¡ 8 sin.!T=2/
(52a)

Py.0/ D ¡6!x0
!T cos.!T=2/ ¡ 2 sin.!T=2/

3!T cos.!T=2/ ¡ 8 sin.!T=2/
(52b)

However, it is found that Py.T / D Py.0/ and Px.T / D ¡ Px.0/ so that
only repeated radial impulses are required. The effective radial ac-
celeration Nax provided by the repeated impulses is then 2 Px.0/=T .
Expanding Eq. (52a) for small impulse periods T , it is found that

Nax D ¡3!2x0 C 3
4 !4x0T 2 C ¢ ¢ ¢ (53)

Again,comparingEqs. (53) and (48a) it canbe seen that to � rst order
the required accelerations are equal. An example orbit is shown in
Fig. 6 viewed from an inertial frame of reference. Impulse control is
usedeveryquarterorbit to providea smallout-of-planedisplacement
and a small radial displacement relative to the reference orbit at
R D 10.

VIII. Patched Orbits
In this section it will be demonstrated that displaced non-

Keplerianorbitsmay be patched together,providingadditionalfam-
ilies of orbits, as shown in Fig. 7. First, displaced orbits will be
patched to Keplerian orbits by nulling the spacecraft thrust. Then,
the conditionsrequiredto transferbetween displacednon-Keplerian
orbits will be considered.

Fig. 7 Schematic of patched orbits.

Patch to Keplerian Orbit
For a displacedcircular non-Keplerianorbit, the spacecraftthrust

vector is always normal to the spacecraft velocity vector so that the
total energy E is constant, viz.,

E D 1
2 !2½2 ¡

¹

½2 C z2
(54)

Therefore, because E D ¡¹=2a, the semimajor axis of the Kep-
lerian orbit obtained by nulling the spacecraft acceleration is given
by

a D 2

½2 C z2
¡ !2½2

¹

¡1

(55)

Similarly, noting that the patchpoint Q correspondsto the apocenter
of the Keplerian orbit, viz.,

a.1 C e/ D ½2 C z2 (56)

the eccentricity may be also obtained as

e D 1 ¡ .!2½2=¹/ ½2 C z2 (57)

Therefore, for a given displaced non-Keplerian orbit, the size and
shapeof the Keplerianorbit obtainedby nulling the spacecraftthrust
are obtained. A schematic transfer is shown in Fig. 7.

Patch to Non-Keplerian Orbit
Now that patching to Keplerian orbits has been considered, the

requirementsfor patching to other circular displaced non-Keplerian
orbits will be investigated.Two orbits that meet tangentiallywill be
considered, as shown in Fig. 7. For velocity continuitybetween the
orbits the following condition is required, viz.,

½1!1 D ½2!2 (58)

Similarly from Eq. (10b), and noting that ½2
1 C z2

1 D ½2
2 C z2

2 , the
condition for continuity of thrust-inducedacceleration is given by

½2
1 !2

1 !2
1 ¡ 2!2

¤ D ½2
2!2

2 !2
2 ¡ 2!2

¤ (59)

However, using Eq. (58), it can be seen from Eq. (59) that the condi-
tion !1 D !2, and so ½1 D ½2 is required. Therefore, the two orbits
must be identical, but perpendicular to each other. By relaxing the
requirementfor continuityof thrust-inducedacceleration,it is found
that more complex families of orbits can be generated.
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Table 1 Requirements for a type II orbit displaced
above Saturn’s A ring

Altitude, km 5 10 20 50

a, mms¡2 0.01 0.02 0.41 1.03
1v;a ms¡1 4.53 9.06 18.12 45.30
1v;b ms¡1 4.69 9.37 18.74 46.86

aAccumulated 1v per orbit for low-thrust propulsion.
bAccumulated 1v per orbit for impulse control (10 impulses per orbit).

IX. In Situ Observations of Saturn’s Rings
Previous studies2 have identi� ed displaced orbits as a means of

studying Saturn’s rings in situ. Clearly spacecraft in the ring plane
are at risk from impacts from ring particles, whereas spacecraft
displaced above the ring plane using low-thrust propulsion may
safely provide high-resolution images of the ring system below.
Type II provides a family of orbits that are ideally suited to such
applications.These orbits are synchronouswith a body at the same
radius orbiting in the z D 0 plane. Therefore, using type II orbits,
the spacecraftmay be displaced above the ring system but will orbit
synchronously with ring features directly below. In addition, such
orbits will be stable for small displacementsabove the ring system.
Similarly, typeIII orbitsmay beused to providemotion synchronous
with a particular ring feature.

For example, a type II orbit displaced20 km above the inner edge
of the A ring at 2.025 planetary radii requires an acceleration of
only 4:1 £ 10¡4 ms¡2 (1º of 18.1 ms¡1 per orbit). The orbit pe-
riod is 12.1 h, synchronous with the ring features directly below.
For impulse control, using 10 impulses per orbit, the required 1º
is 18.7 ms¡1 per orbit. The requirements for other A-ring orbits are
shown in Table. 1. It may be noted that the thickness of the A ring is
estimated to be of order1 km. (Ref. 9). By nulling the thrust-induced
acceleration the spacecraftmay transfer to an inclined elliptical or-
bit that takes it through and below the ring plane. After one orbit
the spacecraftmay then transfer back to the original displaced non-
Keplerian orbit, albeit at a different azimuthal location. In addition,
by rotating the thrust vector to generate a small transverse accelera-
tion, the spacecraft may spiral inward through the ring system. For
example, when the spacecraft has spiralled to 1.5 planetary radii,

the initial 20 km out-of-planedisplacement will fall to 8.1 km due
to the increased vertical component of gravity.

X. Conclusions
It has been shown that large families of displaced non-Keplerian

orbits exist. These families have both linearly stable and unstable
subfamilies. However, it has been shown that the unstable subfam-
ilies are controllable and so may be stabilized through the use of
linear state feedback control. As an alternative to continuous thrust,
impulse control has also been investigatedas a means of generating
displaced orbits. The addition of a small transverse component of
thrust has been shown to yield displaced spiral orbits. In addition,
it has been shown that displaced orbits may be patched to Keple-
rian orbits and to other displaced non-Keplerian orbits generating
additional new families.
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